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We propose an EPR inequality based on an entropic uncertainty relation for complementary con-
tinuous variable observables. This inequality is more sensitive than the previously established EPR
inequality based on inferred variances, and opens up the possibility of EPR tests of quantum non-
locality in a wider variety of quantum states. We experimentally test the inequality using spatially
entangled photons. For a particular quantum state, our experimental results show a violation of the
entropic EPR inequality, while the variance EPR inequality is not violated.
PACS numbers: 03.65.Ud,42.50.Xa,03.67.-a
In 1935, Einstein, Podolsky and Rosen published the
famous “EPR” paper, which initiated the study and in-
vestigation of quantum entanglement and quantum non-
locality [1]. EPR argued that the perfect correlations
present in a particular pair of spatially separated quan-
tum systems could be used to simultaneously ascribe
well-defined values to complementary variables. Reason-
ing that any reasonable theory must be local and at-
tribute “elements of reality” to physical quantities, EPR
concluded that quantum theory, which does not do so,
must be incomplete. The EPR paradox, as it is now
known, ignited the ongoing discussion concerning local-
ity, realism and quantum entanglement, which has in-
tensified recently due to applications in quantum infor-
mation science. In 1964, John S. Bell used the discrete
version of the EPR paradox to derive the Bell inequality,
thus leading the way to experimentally test the predic-
tions of quantum mechanics itself against those of local
realism [2]. Early experiments by Aspect and collabora-
tors [3], and more recent experiments since then [4, 5],
indicate that quantum mechanics cannot be described by
EPR’s local realism.
In the continuous variable regime, it has been shown
that, for non-commuting variables satisfying [X,P] = i,
local realism is in conflict with the completeness of quan-
tum mechanics when the inequality [6, 7]
∆2min(XA)∆
2
min(PA) ≥
1
4
(1)
is violated. Here ∆2min(XA) is the minimum uncertainty
in inferring property XA of system A given measure-
ment of property XB on system B, and is given by
∆2min(XA) =
∫
dxBP(xB)∆
2(xA|xB), where ∆
2(xA|xB)
is the variance of the conditional probability distribution
P(xA|xB) [8]. Throughout this letter we use uppercase
letters to represent the random variables, and lowercase
letters to depict their possible values, so that the proba-
bility density functions are P(x). The EPR criterion (1)
considers a situation nearly identical to the original EPR
gedanken experiment, with the advantage that it applies
to the more realistic scenario of non-perfect correlations.
It was first violated for quadrature measurements of in-
tense beams [9, 10, 11, 12, 13], and subsequently for
“spin” variables of light beams [14] and spatial degrees
of freedom of entangled photons [15, 16, 17].
In this letter, we introduce an EPR criterion that is
based on the conditional Shannon entropy. We demon-
strate both theoretically and experimentally that it is
more sensitive than the variance EPR criterion for non-
gaussian states. For gaussian states, we show that it is
equivalent to the variance criterion (1).
Let us briefly summarize the logical steps necessary to
obtain the EPR criterion (1). A more detailed discussion
is available in Refs. [7], and in a recent review paper [8].
Consider that an x measurement on system B with re-
sult xB indicates that the probability of obtaining result
xA on system A is given by the conditional probability
distribution P(xA|xB), and similarly for the variable p,
P(pA|pB). The assumption of local realism implies that
the conditional probability distributions for x and p mea-
surements correspond to simultaneous elements of reality,
since measurement at B can in no way affect the prop-
erties of A. If the local realistic description is consistent
with quantum mechanics, then it should reproduce the
predictions of quantum theory. One can consider then
the quantum mechanical uncertainty relation
∆2(XA)∆
2(PA) ≥
1
4
. (2)
If P(xA|xB) and P(pA|pB) are simultaneous elements of
reality, then the variances of these distributions should
satisfy the uncertainty relation (2), which leads to the
EPR criterion (1). It has been pointed out by Cavalcanti
and Reid that one can construct an EPR criterion from
any quantum mechanical uncertainty relation [18].
Let us now propose an entropic EPR criterion. The x
and p distributions of a quantum system must satisfy the
entropic uncertainty relation [19]:
h(X) + h(P ) ≥ lnpie, (3)
where h(R) = −
∫
drP(r) lnP(r) is the differential Shan-
non entropy. Following the same arguments as above,
with the assumption of local realism, the conditional
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FIG. 1: (Color online) The EPR entropy (red circles) and
variance criteria (blue squares) as a function of n for wave
function (7). The long-dashed line is the lower limit for the
entropic criterion, while the short-dashed line is the limit for
the variance criterion. The EPR paradox is identified below
these limits.
probability distributions must satisfy the entropic un-
certainty relation: h(XA|XB = xB) + h(PA|PB =
pB) ≥ lnpie, where we define h(RA|RB = rB) =
−
∫
drAP(rA|rB) lnP(rA|rB). Multiplying this inequal-
ity by P(xB)P(pB) and integrating over xB and pB gives
an entropic EPR criterion:
h(XA|XB) + h(PA|PB) ≥ lnpie, (4)
where the conditional entropy is defined as [20]
h(RA|RB) = −
∫
drBP(rB)h(RA|RB = rB). (5)
Violation of inequality (4) indicates a physical situation
for which local realism is inconsistent with the complete-
ness of quantum mechanics. The entropy of a probability
distribution with variance ∆2(rA|rB) is upper-bounded
by ln[2pie∆2(rA|rB)]/2 [20]. Thus, we have as an upper
bound:
ln[2pie∆2(xA|xB)∆
2(pA|pB)] ≥ h(XA|XB) + h(PA|PB).
(6)
The upper limit is reached when both conditional prob-
abilities are Gaussian [20], and inequality (4) is equiv-
alent to the variance-product EPR criterion (1). Thus,
inequality (6) shows that the entropic inequality (4) is in
general more sensitive than the variance inequality (1).
This indicates, as we will now show, that the entropic
EPR criterion (4) is capable of recognizing an EPR para-
dox in a wider variety of continuous variable quantum
states.
Consider now a bipartite quantum system described
by the wave function
φ(xA, xB) = CnHn(xA + xB) e
−
(xA+xB)
2
2 e−
(xA−xB)
2
2 ,
(7)
where Hn is the n
th-order Hermite polynomial and Cn a
normalization constant. This pure state is entangled for
n > 0. FIG. 1 shows the EPR variance criterion (1) and
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FIG. 2: (Color online) Experimental setup. SPDC in a BBO
crystal produces spatially entangled photon pairs. The lenses
f = 100mm are used to map the momentum distribution at
the crystal face onto the output planes. G are transmission
masks with a gaussian intensity profile. The lens systems
used for x and p measurements are shown in the boxes at the
bottom. Here f1 = 150mm, f2 = 50mm and f3 = 250mm.
Detectors DA and DB are equipped with 40nm FWHM in-
terference filters, and are scanned in the vertical direction.
EPR entropy criterion as a function of n, as well as the
lower limits for both criteria. The entropic criterion iden-
tifies an EPR paradox for all n > 0, while the variance
criterion does not.
We experimentally tested the entropic EPR criterion
for a pair of spatially entangled photons. FIG. 2 shows
the experimental setup. A HeCd laser is used to pump a
10mm long type-II BBO crystal, producing photons cen-
tered around λ = 884nm through spontaneous paramet-
ric down conversion (SPDC). The quantum state of the
down-converted photons at the crystal is given to good
approximation by [21, 22]
|ψ〉 =
∫∫
dpAdpBv(pA + pB) s(pA − pB) |pA〉 |pB〉 , (8)
where we consider only one spatial dimension for simplic-
ity. Here v(p) is the angular spectrum of the pump beam,
and pA, pB are the transverse wave vectors of the down-
converted photons A and B, respectively. The function
s(p) ∝ 4Ksinc(Lp2/4K), where L is the length of the
BBO crystal and K is the wave number of the pump
beam. A number of steps were taken to engineer the
wave function 〈xA, xB |ψ〉 corresponding to the state (8),
so that it was similar to that of Eq. (7) with n = 1.
The pump laser is prepared in a Hermite-Gaussian mode
using a glass microscope slide aligned to introduce a pi
phase shift between the two halves of the Gaussian pump
beam as in Ref. [23]. The Hermite-Gauss profile of the
pump beam is then passed on to the spatial profile of the
3down-converted photons [21]. A set of Gaussian profile
transmission masks G, placed in the focal plane of lenses
(f = 100mm), are used to filter the oscillatory tails of the
sinc function. This results in a two-photon wave function
approximately described by
ψ(xA, xB) =
(xA + xB)√
piσ−σ3+
e
−
(xA+xB)
2
4σ2
+ e
−
(xA−xB)
2
4σ2
− . (9)
This state is entangled for all values of σ±. The variance
EPR inequality (1) is violated for (σ∓/σ±) ≥ 6.615. The
entropic EPR inequality, on the other hand, is violated
for all values of σ±. Thus, the state described by wave
function (9) should always manifest the EPR paradox. In
our setup the pump beam was focused at the crystal face,
so that σ+ and σ− were of the same order of magnitude.
We measured σ2+ ≈ 0.566mm
2 and σ2− ≈ 0.240mm
2 at
the output planes.
An imaging lens system using two lenses (f1 and f2 in
inset of FIG. 2) was used to measure the near field (x
variable), so that the output plane of the source was im-
aged at the detection plane. The far-field (p variable) was
measured by scanning in the focal plane of a second lens
system (f3 in inset of FIG. 2). The lenses were mounted
in detachable magnetic mounts, so that they could be
easily switched in and out of the setup while maintaining
alignment. The detectors were scanned in discrete steps
zstep and coincidence counts were registered, resulting in
two 2D tables of coincidence measurements Cxx(zA, zB)
and Cpp(zA, zB), where zA and zB are the transverse
positions of detectors DA and DB, respectively. The
discrete probability distributions were then obtained by
Prr(zA, zB) = Crr(zA, zB)/
∑
zA,zB
Crr(zA, zB), where
r = x, p. The coincidence measurements are shown in
FIG. 3.
We first tested the variance-product EPR inequality
(1), using the experimental data to compute ∆2min(Ri) =
γ2r∆
2
min(Zi), where ∆
2
min(Zi) =
∑
zj
P(zj)∆
2(zi|zj) for
i, j = A,B. Here ∆2(zi|zj) is the variance in zi given
result zj and γr is the scaling factor, used to relate
the detector positions z to the x and p variables [17].
Explicitely, γx = f2/f1, due to the magnification fac-
tor of the lens system, and γp = 2pi/f3λ for p mea-
surements. We obtained ∆2min(XA) = 0.14 ± 0.02mm
2,
∆2min(PA) = 3.1 ± 0.2mm
−2, ∆2min(XB) = 0.15 ± 0.02
mm2, and ∆2min(PB) = 3.4 ± 0.2mm
−2. In all results
reported here and below, the uncertainty in the exper-
imental data was obtained by error propagation of the
Poissonian count statistics. The variance EPR inequal-
ity (1) gives
∆2min(XA)∆
2
min(PA) = 0.44± 0.01 >
1
4
∆2min(XB)∆
2
min(PB) = 0.51± 0.01 >
1
4
. (10)
Thus, the variance inequality is satisfied, and we cannot
identify a conflict between the completeness of quantum
mechanics and local realism.
ρB
ρAρA
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FIG. 3: Coincidence counts for x and p measurements
used to calculate the probability distributions P(xA, xB) and
P(pA, pB).
h(XA) 0.56 ± 0.01 h(PA) 2.35± 0.01
h(XB) 0.58 ± 0.01 h(PB) 2.37± 0.01
h(XA, XB) 0.73 ± 0.02 h(PA, PB) 4.17± 0.03
TABLE I: Summary of experimental results.
Next we tested the entropic EPR inequality (4). The
discrete entropies of the coincidence count distributions
were calculated using H(Z) = −
∑
z P(z) lnP(z), and
H(ZA, ZB) =
∑
zA,zB
P(zA, zB) lnP(zA, zB). The dif-
ferential entropies h(ZA, ZB) and h(Z) of the continuous
variables can be calculated from the discrete entropies
H(ZA, ZB) and H(Z):
h(ZA, ZB) ≈ H(ZA, ZB) + ln(z
2
step), (11a)
h(Z) ≈ H(Z) + ln(zstep). (11b)
Here zstep appears due to the discretization of the con-
tinuous distribution [20]. For x measurements zstep =
0.02mm, while zstep = 0.05mm for p measurements. Fi-
nally, the entropy of the probability distributions for the
R = X,P variables are calculated from the experimen-
tal data using h(R) = h(Z) + ln γr and h(RA, RB) =
h(ZA, ZB) + ln γ
2
r . Using these experimental results,
the conditional differential entropies of the corresponding
continuous probability distributions can be calculated us-
ing h(Ri|Rj) = h(Ri, Rj) − h(Rj), and are summarized
in table I. Using this procedure, we calculated
h(XA|XB) + h(PA|PB) = 1.94± 0.04, (12)
h(XB|XA) + h(PB |PA) = 1.99± 0.04. (13)
Both of these equations are less than lnpie ≈ 2.145 by
more than 3 standard deviations, indicating violation of
inequality (4). Using the wavefunction (9), the sum of
conditional entropies was calculated to be 1.91, showing
considerably good agreement between theory and exper-
iment. Thus, the EPR non-locality of the wave-function
(9), which is not identified under the variance criterion
(1), is revealed through test of the entropic EPR criterion
(4).
Let us now briefly mention several applications of the
entropic EPR criterion (4) in the context of quantum in-
4formation science. It is known that violation of Bell’s
inequalities is fundamentally related to security bounds
in entanglement-based quantum key distribution with
qubits [24]. Concerning quantum key distribution with
entangled continuous variable states [25], violation of the
entropic EPR criterion (4) is sufficient to guarantee a se-
cret key rate ∆I. In Ref. [26], it was shown that a lower
bound for the secret key rate is given by
∆I ≥ lnpie− h(XB|XA)− h(PB |PA). (14)
It thus follows directly that the entropic EPR criterion
(4) must be violated to achieve a non-zero key rate (∆I >
0).
An interesting question pertains to what states violate
an EPR criterion. It has been shown that all bipartite
pure states violate some type of (discrete variable) Bell
inequality, and thus, all pure, entangled bipartite states
are Bell non-local [27, 28]. It is interesting as to whether
the same can be said for EPR criteria of continuous vari-
ables. Here we have made a step towards the affirmative
answer to this question by opening up the possibility of
violating a locality criterion for a greater number of non-
Gaussian states. We note that any entropic uncertainty
relation can be used to establish an entropic EPR crite-
ria. For example, application of the uncertainty relation
for the Re´nyi [29] or Tsallis entropies [30] should lead
to a family of entropic EPR inequalities. We leave the
careful investigation of this question to future work.
We have proposed an EPR criterion based on the Shan-
non entropy of conditional measurements, and tested it
experimentally using the spatial degrees of freedom of
photon pairs. We obtain a clear violation of the entropic
EPR inequality, while the variance EPR inequality is
not violated. Our theoretical and experimental results
show that the entropic EPR inequality allows for the
observation of EPR non-locality in a greater variety of
states than the criterion based on inferred variances, and
should allow for further investigation and characteriza-
tion of tests of EPR non-locality.
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